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Abstract
In this study, we extend the result on classification of a subclass of filiform Leibniz algebras in low
dimensions to dimensions seven and eight based on the technique used by Rakhimov and Bekbaev for
classification of subclasses which arise from naturally graded non-Lie filiform Leibniz algebras. The
subclass considered here arises from naturally graded filiform Lie algebras. This subclass contains the
class of filiform Lie algebras and consequently, by classifying this subclass, we again re-examine the
classification of filiform Lie algebras. Our resulting list of filifom Lie algebras is compared with that
given by Ancoche´a-Bermudez and Goze in 1988 and by Go´mez, Jimenez-Merchan and Khakimdjanov
in 1998.
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1 Introduction
The concept of Leibniz algebra was introduced by Loday [9] in the study of Leibniz (co)homology as
a noncommutative analogue of Lie algebras (co)homology. A Leibniz algebra over a field K is a vec-
tor space over K equipped with a K-bilinear map [·, ·] : L × L −→ L satisfying the Leibniz identity
[x, [y, z]] = [[x, y], z] − [[x, z], y], for all x, y, z ∈ L. Clearly, a Lie algebra is a Leibniz algebra, and
conversely, a Leibniz algebra L over the fieldK (charK 6= 2) with property [x, y] = −[y, x], for all x, y ∈ L
is a Lie algebra. Any Leibniz algebra L gives rise to a Lie algebra LLie, which is obtained as the quotient
of L by the relation [x, x] = 0. Let I be the ideal of L generated by all squares. Then I is the minimal
ideal with respect to the property that g := L/I is a Lie algebra. The quotient map pi : L −→ g is a
homomorphism of Leibniz algebras.
The term filiform Lie algebra was introduced by M. Vergne [15] while studying the variety of
nilpotent Lie algebras laws through which she intended to give a classification of nilpotent complex Lie
algebras in dimension less than six (see also [7]). The class of filiform Leibniz algebras in dimension n
have been split into three disjoint subclasses [6, 14]. In [14], the subclasses have been denoted by FLbn,
SLbn and TLbn for the first, second and third classes respectively.
The first and second classes which arise from naturally graded non-Lie filiform Leibniz algebra
have been classified up to dimension n ≤ 9, [5, 11] and the references therein.
The present paper is concerned with a subclass of filiform Leibniz algebras. This subclass arises
from naturally graded filiform Lie algebras. In dimension n, it has been denoted by TLbn and treated
before in [10,12,13]. In case of TLbn, the ideal I generated by squares coincides with the right center of the
Leibniz algebras since we are considering right Leibniz algebras. On the contrary, the left center is only
a subalgebra in the context of right Leibniz algebras. Therefore, derived algebras are one-dimensional
Leibniz central extensions of the Lie algebra LLie. The aim of this paper is to give complete lists of
isomorphism classes of one-dimensional Leibniz central extensions of filiform Lie algebras of dimensions
6 and 7. As for the lower dimensions they either have been treated before [12] or have been included
in the list of nilpotent Leibniz algebras [1], [2]. Another motivation to study TLbn comes out from the
fact that it contains the class of all n-dimensional filiform Lie algebras. Classifying TLbn, we once again
examine thoroughly and recover the lists of low-dimensional filiform Lie algebras given in [3, 7].
Organization of this paper is as follows. Section 2 is devoted to providing necessary results needed
throughout the study. In the third and fourth sections, complete classification of TLb7 is given with the
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proof of some propositions that are stated therein. Section 5 and 6 are devoted to list the isomorphism
classes of TLb8. We describe the orbits of the base change for single orbits and for union of paramet-
ric family of orbits cases. In parametric cases, invariant functions are given to distinguish the orbits.
Necessary conclusions drawn from this study form the contents of Section 7.
2 Preliminaries
In this section we give some facts on Leibniz algebras that will be used throughout the paper.
Definition 2.1. An algebra L over a field K is called a Leibniz algebra, if its bilinear operation λ(·, ·)
satisfies the following Leibniz identity:
λ(x, λ(y, z)) = λ(λ(x, y), z)− λ(λ(x, z), y), for x, y, z ∈ L. (1)
A Leibniz algebra structure on n-dimensional vector space V over a field K can be regarded as a
pair L = (V, λ), where λ is a Leibniz algebra law on V . We denote by LBn the set of all Leibniz algebra
laws on V . It is a subspace of the linear space of Hom(V ⊗ V, V ).
Definition 2.2. An action of a group G on a set X is a function ∗ : G × X → X that satisfies the
following conditions;
1. e ∗ x = x, for all x ∈ X, where e is the identity element of G.
2. g ∗ (h ∗ x)) = (gh) ∗ x, for all g, h ∈ G and x ∈ X.
The above group action is a morphism of algebraic variety when G and X are substituted for
algebraic group and algebraic variety respectively. In what follows, we define (g, λ) 7→ g ∗ λ
Definition 2.3. Two laws λ1 and λ2 from LBn are said to be isomorphic, if there exists g ∈ GL(V )
such that
λ2(x, y) = (g ∗ λ1)(x, y) = g
−1(λ1(g(x), g(y)))
for all x, y ∈ V .
Thus we get an action of GLn(K) on LBn. Let O(λ) be the set of the laws isomorphic to λ, it
is called the orbit of λ. Let us fix a basis {e1, e2, e3, ..., en} of V. The structure constants, γ
k
ij ∈ K, of
λ ∈ LBn are given by
λ(ei, ej) =
n∑
k=1
γkijek, i, j = 1, 2, ..., n.
Once a basis is fixed, we can identify the law λ with its structure constants. These constants are the
structure constants of a Leibniz algebra if and only if:
n∑
l=1
(γljkγ
m
il − γ
l
ijγ
m
lk + γ
l
ikγ
m
lj ) = 0, i, j, k,m = 1, 2, ..., n.
Then LBn appears as a subvariety of the algebraic variety, Algn(K), of all algebraic structures on V . Let
λ ∈ LBn and Gλ be the subgroup of GLn(K) defined by Gλ = {g ∈ GLn(K) | g ∗ λ = λ}. The orbit
O(λ) of λ with respect to the action of GLn(K) is isomorphic to the homogeneous space GLn(K)/Gλ.
Definition 2.4. A function f : LBn −→ K is said to be invariant (or orbit) function with respect to an
action of a subgroup G of GLn(K) on LBn if f(g ∗ λ) = f(λ) for g ∈ G.
In the foregoing, all algebras are assumed to be over the fields of complex numbers C, and the
bracket notation is used to describe the law: [x, y] = λ(x, y) for x, y ∈ L.
Let L be a Leibniz algebra. Define
L1 = L, Lk+1 = [Lk, L], k ≥ 1. (2)
Clearly,
L1 ⊇ L2 ⊇ · · ·
A. O. Abdulkareem, I.S. Rakhimov and S. K. Said Husain 3
Definition 2.5. A Leibniz algebra L is said to be a nilpotent, if there exists s ∈ N, such that
L1 ⊃ L2 ⊃ ... ⊃ Ls = {0}. (3)
Definition 2.6. A Leibniz algebra L is said to be a filiform, if dimLi = n − i, where n = dimL and
2 ≤ i ≤ n.
According to [2,10] the class of (n+1)-dimensional filiform Leibniz algebras arising from naturally
graded filiform Lie algebras, denoted by TLbn+1, admits a so-called adapted basis {e0, e1, ..., en} such
that the table of multiplication with respect to the basis has the following form:
TLbn+1 =


[ei, e0] = ei+1, 1 ≤ i ≤ n− 1,
[e0, ei] = −ei+1, 2 ≤ i ≤ n− 1,
[e0, e0] = b0,0en,
[e0, e1] = −e2 + b0,1en,
[e1, e1] = b1,1en,
[ei, ej ] = a
1
ijei+j+1 + · · ·+ a
n−(i+j+1)
ij en−1 + bijen, 1 ≤ i < j ≤ n− 1,
[ei, ej ] = −[ej, ei], 1 ≤ i < j ≤ n− 1,
[ei, en−i] = −[en−i, ei] = (−1)
ibi,n−ien,
where akij , bij ∈ C, and bi,n−i = 0, 1 ≤ i ≤ n− 1,
for even n.
(4)
In the table (4), there are interrelations among akij , bij that are different in each fixed dimension as evident
in the dimensions considered here.
The class TLbn+1 can be regarded as follows. Let µn be the n-dimensional Lie algebra defined
by the brackets: [ei, e0] = ei+1, i = 1, 2, ..., n − 2 and {e0, e1, ..., en−1} be a basis of µn. Clearly, µn
is a filiform Lie algebra. Moreover, any n-dimensional filiform Lie algebra is isomorphic to a linear
deformation of µn (see [7]). More precisely, let ∆ be the set of all pairs of integers (k, r) such that
1 ≤ k ≤
[
n−2
2
]
, 2k + 1 < r ≤ n − 1, (if n is odd then ∆ contains also the pair
(
n−2
2 , n− 1
)
). For
any elements (k, r) ∈ ∆, one can associate the 2-cocycle, Ψk,r for the Chevalley cohomology of µn with
coefficients in the adjoint module defined by
Ψk,r(ei, ej) =
{
−Ψk,r(ej , ei) = (−1)
k−i
(
j−k−1
k−i
)
ei+j+r−2k−1, 1 ≤ i ≤ k < j ≤ n− 1
0, otherwise
(5)
Any n-dimensional filiform Lie algebra law µ in the variety of filiform Lie algebras laws is isomorphic to
µn +Ψ, where Ψ is a 2-cocycle defined by
Ψ =
∑
(k,r)∈∆
ak,rΨk,r,
and verifying the relation Ψ ◦Ψ = 0 with
(Ψ ◦Ψ)(x, y, z) = Ψ(Ψ(x, y), z) + Ψ(Ψ(y, z), x) + Ψ(Ψ(z, x), y). (6)
In this situation, we consider another cocycle which is Leibniz 2-cocycle, Ψ satisfying the relation,
(Ψ ◦Ψ)(x, y, z) = Ψ(x,Ψ(y, z)) + Ψ(Ψ(x, z), y)−Ψ(Ψ(x, y), z) = 0. (7)
One-dimensional Leibniz central extension of linear deformation of the Lie algebra µn has been denoted
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by Ced(µn) in [4], the resulting table of multiplication has been slightly modified and is given by
Ced(µn) =


[ei, e0] = ei+1, 1 ≤ i ≤ n− 1,
[e0, ei] = −ei+1, 2 ≤ i ≤ n− 1,
[e0, e0] = b00en,
[e0, e1] = −e2 + b01en,
[e1, e1] = b11en,
[e1, ei] = −[ei, e1] = a1,i+2ei+2 + a1,i+3ei+3 + · · ·+ b1,ien, 2 ≤ i ≤ n− 3,
[ei, ej] = −[ej, ei] ∈ span{ei+j+1, ei+j+2, · · · , en| 2 ≤ j ≤ n− j − 1}
[ei, en−i] = −[en−i, ei] = (−1)
ibi,n−ien,
where aki,j , bi,j ∈ C and bi,n−i = b whenever 1 ≤ i ≤ n− 1,
and b = 0 for even n.
(8)
Definition 2.7. Let {e0, e1, ..., en} be an adapted basis of L ∈ TLbn+1. Then a nonsingular linear trans-
formation f : L→ L is said to be adapted if the basis {f(e0), f(e1), ..., f(en)} is adapted.
The subgroup of GLn+1 consisting of all adapted transformations, we denote by Gad. The following
proposition proved in [12] specifies the elements of Gad.
Proposition 2.1. Let {e0, e1, ..., en} be an adapted basis of L ∈ TLbn+1. and f be an adapted transfor-
mation. Then f can be represented as follows:
f(e0) = e
′
0 =
n∑
i=0
Aiei,
f(e1) = e
′
1 =
n∑
i=1
Biei,
f(ei) = e
′
i = [f(ei−1), f(e0)], 2 ≤ i ≤ n
A0, Ai, Bj , (i, j = 1, ..., n) are complex numbers and A0B1(A0 +A1b) 6= 0.
In Gad we specify the following transformations called elementary:
τ(a, b, c) =


τ(e0) = a e0 + b e1,
τ(e1) = c e1, a c 6= 0,
τ(ei+1) = [τ(ei), τ(e0)], 1 ≤ i ≤ n− 1,
σ(a, k) =


σ(e0) = e0 + a ek, 2 ≤ k ≤ n,
σ(e1) = e1,
σ(ei+1) = [σ(ei), σ(e0)], 1 ≤ i ≤ n− 1,
φ(c, k) =


φ(e0) = e0,
φ(e1) = e1 + c ek, 2 ≤ k ≤ n,
φ(ei+1) = [φ(ei), φ(e0)], 1 ≤ i ≤ n− 1,
where a, b, c ∈ C.
Proposition 2.2. Let L be an algebra from TLbn+1, then any adapted transformation f of L can be
represented as the composition:
f = φ(Bn, n) ◦ φ(Bn−1, n− 1) ◦ ... ◦ φ(B2, 2) ◦ σ(An, n)
◦σ(An−1, n− 1) ◦ ... ◦ σ(A2, 2) ◦ τ(A0, A1, B1) (9)
Proof. The proof can be obtained by direct verification.
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Proposition 2.3. The transformation
g = φ(Bn, n) ◦ φ(Bn−1, n− 1) ◦ φ(Bn−2, n− 2) ◦ ... ◦ σ(An, n)
◦σ(An−1, n− 1) ◦ ... ◦ σ(A2, 2) (10)
if n even, and
g = φ(Bn, n) ◦ φ(Bn−1, n− 1) ◦ σ(An, n) ◦ σ(An−1, n− 1)
◦σ(An−2, n− 2) ◦ ... ◦ σ(A2, 2) (11)
for odd n, do not change the structure constants of algebras from TLbn+1.
For the proof of Proposition 2.3 we refer the reader to [13]. The proof of the following lemma can
be found easily by a simple computation.
Lemma 2.1. Let {e0, e1, ..., en} −→ {e
′
0, e
′
1, ..., e
′
n} be an adapted base change, b00, b01, b11, ... and
b′00, b
′
01, b
′
11, ... be the respective structure constants. Then for b
′
00, b
′
01 and b
′
11 one has
b′00 =
A20b00 +A0A1b01 +A
2
1b11
An−20 B1(A0 +A1 b)
,
b′01 =
A0b01 + 2A1b11
An−20 (A0 +A1 b)
,
b′11 =
B1b11
An−20 (A0 +A1 b)
.
3 Isomorphism criterion for TLb7
Due to the observation in [4] as pointed out in Section 2, an algebra L from TLb7 is represented as a one
dimensional Leibniz central extension (C(L) =< e6 >) of the filiform Lie algebra with law µ6 +Ψ, where
Ψ is the appropriate cocycle on the adapted basis {e0, e1, ..., e6}, the class TLb7 is represented as follows:
TLb7 =


[ei, e0] = ei+1, 1 ≤ i ≤ 5,
[e0, ei] = −ei+1, 2 ≤ i ≤ 5,
[e0, e0] = b00e6,
[e0, e1] = −e2 + b01e6,
[e1, e1] = b11e6,
[e1, e2] = −[e2, e1] = a14 e4 + a15 e5 + b12e6,
[e1, e3] = −[e3, e1] = a14 e5 + b13e6,
[e1, e4] = −[e4, e1] = −a25 e5 + b14e6,
[e2, e3] = −[e3, e2] = a25 e5 + b23e6,
[e1, e5] = −[e5, e1] = b15e6,
[e2, e4] = −[e4, e2] = b24e6.
Observe that the structure constants aij and bst in the table above are not free. The interrelations
between them are defined as follows.
Lemma 3.1. The structure constants of algebras from TLb7 satisfy the following constraints:
1. b13 = a15,
2. b14 = a14 − b23 and
3. b15 = b24 = a25 = 0.
Proof. The first and second relations occur if we apply the Leibniz identity to the triples
{e0, e1, e2}, {e0, e1, e3} of the basis vectors respectively, and the last relation is a result of application of
the Leibniz identity to {e0, e2, e3}, {e0, e1, e4}, and {e1, e2, e3}.
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Further unifying the table of multiplication above we rewrite it via new notations
c00, c01, c11, c12, c13, c14, c23 for the structure constants:
TLb7 =


[ei, e0] = ei+1, 1 ≤ i ≤ 5,
[e0, ei] = −ei+1, 2 ≤ i ≤ 5,
[e0, e0] = c00e6,
[e0, e1] = −e2 + c01e6,
[e1, e1] = c11e6,
[e1, e2] = −[e2, e1] = c12 e4 + c13 e5 + c14e6,
[e1, e3] = −[e3, e1] = c12 e5 + c13e6,
[e1, e4] = −[e4, e1] = (c12 − c23) e6,
[e2, e3] = −[e3, e2] = c23 e6.
An algebra from TLb7 with the structure constants c00, c01, c11, c12, c13, c14, c23 is denoted by L(C), where
C = (c00, c01, c11, c12, c13, c14, c23). The next theorem represents the action of the adapted base change
on the structure constants c00, c01, c11, c12, c13, c14, c23 of an algebra from TLb7.
Proposition 3.1. (Isomorphism criterion for TLb7)
Two filiform Leibniz algebras L(C′) and L(C), where C′ = (c′00, c
′
01, c
′
11, c
′
12, c
′
13, c
′
14, c
′
23) and C =
(c00, c01, c11, c12, c13, c14, c23), from TLb7 are isomorphic if and only if there exist A0, A1, B1, B2, B3 ∈ C
such that A0B1 6= 0 and the following hold:
c′00 =
A20c00 +A0A1c01 +A
2
1c11
A50B1
, (12)
c′01 =
A0c01 + 2A1c11
A50
, (13)
c′11 =
B1c11
A50
, (14)
c′12 =
B1c12
A20
, (15)
c′13 =
B1 c13 +B2 c12
A30
, (16)
c′14 =
1
A50B1
{
A0B
2
1c14 +B2(A0B1c13 +A1B1c12c23 +A0B2c23 (17)
− A1B1c
2
12)−B3(2A0B1c23 −A0B1c12)
}
c′23 =
B1c23
A20
(18)
Proof. “If” part. The equations in (12), (13), (14) occur due to Lemma 2.1. Note that according to
Propositions 2.2 and 2.3 the adapted transformations in TLb7 can be taken as follows:


e′0 = f(e0) = A0 e0 +A1 e1,
e′1 = f(e1) = B1 e1 +B2 e2 +B3 e3
e′i = f(ei) = [f(ei−1), f(e0)], 1 ≤ i ≤ 6,
(19)
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where A0B1 6= 0 or more precisely:
e′0 = A0e0 +A1e1,
e′1 = B1 e1 +B2e2 +B3e3,
e′2 = A0B1 e2 +A0B2e3 + (A0B3 −A1B2c12) e4 −A1 (B2c13 +B3c12) e5
+A1 (B1c11 −B2c14 −B3c13) e6,
e′3 = A
2
0B1 e3 +
(
A20B2 −A0A1B1c12
)
e4 + (A
2
0B3 − 2A0A1B2c12 −A0A1B1c13)e5 −
A1
(
−A1B2c
2
12 +A1B2c12c23 +A0B1c14 + 2A0B2c13 + 2A0B3c12 −A0B3c23
)
e6,
e′4 = A
3
0B1 e4 + (A
3
0B2 − 2A
2
0A1B1c12)e5 + (A
3
0B3 − 2A1A
2
0B1c13 +A0A
2
1B1c
2
12
A0A
2
1B1c12c23 − 3A1A
2
0B2c12 +A
2
0A1B2c23)e6,
e′5 = A
4
0B1 e5 + (A
4
0B2 − 3A1A
3
0B1c12 +A1A
3
0B1c23)e6,
e′6 = A
5
0B1 e6.
Consider
[e′1, e
′
2] =A0 B
2
1 (c12e4 + c13e5 + c14e6) +A0B1B2 (c12e5 + c13e6) +B1(A2B1c12 −A1B2c12+
A0B3) (c12 − c23) e6 +A0B
2
2c23e6 −A0B1B3c23e6
= c′12e
′
4 + c
′
13e
′
5 + c
′
14e
′
6 (20)
But
c′12e
′
4 = c
′
12
(
A30B1 e4 + (A
3
0B2 − 2A
2
0A1B1c12)e5 + (A
3
0B3 − 2A1A
2
0B1c13 +A0A
2
1B1c
2
12
−A0A
2
1B1c12c23 − 3A1A
2
0B2c12 +A
2
0A1B2c23)e6
)
c′13e
′
5 = c
′
13
(
A40B1 e5 + (A
4
0B2 − 3A1A
3
0B1c12 +A1A
3
0B1c2,3)e6
)
c′14e
′
6 = c
′
14
(
A50B1 e6
)
.
On comparing the coefficients of e4, e5 and e6 with the corresponding coefficients in (20) after rearrange-
ment, we get the equalities (15), (16) and (17), respectively. The last equality follows from
[f(e2), f(e3)] = c
′
23f(e6)
A30B
2
1c23e6 = c
′
23A
5
0B1e6.
c′23 =
B1 c23
A20
.
”Only if” part. Let the equalities (12)–(18) hold. Then the base change above is adapted and L(C) is
transformed to L(C′).
Indeed,
[e′0, e
′
0] = [A0e0 +A1e1, A0e0 +A1e1]
= A20[e0, e0] +A0A1[e0, e1] +A0A1[e1, e0] +A
2
1[e1, e1]
=
(
A20c00 +A0A1c01 +A
2
1c11
)
e6
= c′00A
5
0B1e6 = c
′
00e
′
6.
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c′00 is obtained as in (12) after dividing the last equation by the value of e
′
6.
[e′0, e
′
1] = [A0e0 +A1e1, B1e1 +B2e2 +B3e3]
= A0B1 (−e2 + c01e6)−A0B2e3 −A0B3e4 +A1B1c11e6+
A1B2(c12e4 + c13e5 + c14e6) +A1B3(c12e5 + c13e6)
= −(A0B1 e2 +A0B2e3 + (A0B3 −A1B2c12) e4 −A1 (B2c13 +B3c12) e5+
A1 (B1c11 −B2c14 −B3c13) e6) +B1 (A0c01 + 2A1c11) e6
= −e′2 +A
5
0B1c
′
01e6 = −e
′
2 + c
′
01e
′
6.
c′01 is obtained as in (13) after substituting the value of e
′
2, simplify and divide resulting equation by the
value of e′6.
[e′1, e
′
1] = [B1e1 +B2e2 +B3e3, B1e1 +B2e2 +B3e3]
= [B1e1, B1e1] = B
2
1c11e6 = A
5
0B1c
′
11e6 = c
′
11e
′
6.
c′11 is obtained as in (14) after dividing the last equation by the value of e
′
6.
Other equations in Proposition 3.1 are obtained similarly.
4 Isomorphism classes in TLb7
In this subsection, we give the list of isomorphism classes in TLb7. For simplification purpose, we
introduce the function χ1(X) = 4 x00x11 − x
2
01 where X = (x00, x01, x11, x12, x13, x14, x23). By denoting
∆1 = χ1(C) and ∆
′
1 = χ1(C
′), we present TLb7 as a union of the following subsets:
U17 = {L(C) ∈ TLb7 : c23 6= 0, c11 6= 0, c12 6= 0};
U27 = {L(C) ∈ TLb7 : c23 6= 0, c11 6= 0, c12 = 0,∆1 6= 0};
U37 = {L(C) ∈ TLb7 : c23 6= 0, c11 6= 0, c12 = ∆1 = 0};
U47 = {L(C) ∈ TLb7 : c23 6= 0, c11 = 0, c01 6= 0, c12 6= 0};
U57 = {L(C) ∈ TLb7 : c23 6= 0, c11 = 0, c01 6= 0, c12 = 0, c13 6= 0};
U67 = {L(C) ∈ TLb7 : c23 6= 0, c11 = 0, c01 6= 0, c12 = c13 = 0};
U77 = {L(C) ∈ TLb7 : c23 6= 0, c11 = c01 = 0, c00 6= 0, c12 6= 0};
U87 = {L(C) ∈ TLb7 : c23 6= 0, c11 = c01 = 0, c00 6= 0, c12 = 0, c13 6= 0};
U97 = {L(C) ∈ TLb7 : c23 6= 0, c11 = c01 = 0, c00 6= 0, c12 = 0, c13 = 0};
U107 = {L(C) ∈ TLb7 : c23 6= 0, c11 = c01 = c00 = 0, c12 6= 0, };
U117 = {L(C) ∈ TLb7 : c23 6= 0, c11 = c01 = c00 = c12 = 0, c13 6= 0};
U127 = {L(C) ∈ TLb7 : c23 6= 0, c11 = c01 = c00 = c12 = c13 = 0};
U137 = {L(C) ∈ TLb7 : c23 = 0, c11 6= 0, c12 6= 0};
U147 = {L(C) ∈ TLb7 : c23 = 0, c11 6= 0, c12 = 0,∆1 6= 0};
U157 = {L(C) ∈ TLb7 : c23 = 0, c11 6= 0, c12 = ∆1 = 0, c13 6= 0};
U167 = {L(C) ∈ TLb7 : c23 = 0, c11 6= 0, c12 = ∆1 = c13 = 0, c14 6= 0};
U177 = {L(C) ∈ TLb7 : c23 = 0, c11 6= 0, c12 = ∆1 = c13 = c14 = 0};
U187 = {L(C) ∈ TLb7 : c23 = c11 = 0, c01 6= 0, c12 6= 0};
U197 = {L(C) ∈ TLb7 : c23 = c11 = 0, c01 6= 0, c12 = 0, c13 6= 0};
U207 = {L(C) ∈ TLb7 : c23 = c11 = 0, c01 6= 0, c12 = c13 = 0, c14 6= 0};
U217 = {L(C) ∈ TLb7 : c23 = c11 = 0, c01 6= 0, c12 = c13 = c14 = 0};
U227 = {L(C) ∈ TLb7 : c23 = c11 = c01 = 0, c00 6= 0, c12 6= 0};
U237 = {L(C) ∈ TLb7 : c23 = c11 = c01 = 0, c00 6= 0, c12 = 0, c13 6= 0};
U247 = {L(C) ∈ TLb7 : c23 = c11 = c01 = 0, c00 6= 0, c12 = 0, c13 = 0, c14 6= 0};
U257 = {L(C) ∈ TLb7 : c23 = c11 = c01 = 0, c00 6= 0, c12 = c13 = c14 = 0};
U267 = {L(C) ∈ TLb7 : c23 = c11 = c01 = c00 = 0, c12 6= 0}.
U277 = {L(C) ∈ TLb7 : c23 = c11 = c01 = c00 = c12 = 0, c13 6= 0, c14 6= 0}.
U287 = {L(C) ∈ TLb7 : c23 = c11 = c01 = c00 = c12 = c13 6= 0, c14 = 0}.
U297 = {L(C) ∈ TLb7 : c23 = c11 = c01 = c00 = c12 = c13 = 0, c14 6= 0}.
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U307 = {L(C) ∈ TLb7 : c23 = c11 = c01 = c00 = c12 = c13 = c14 = 0}.
The adapted group action on TLb7 is induced on each of these disjoint subsets. The next proposition
give isomorphism criterion for one subset from each type, that is: from infinitely many orbits case and
from single orbits case, since other cases can be proved similarly.
Proposition 4.1.
1. (a) Two algebras L(C′) and L(C) from U17 are isomorphic, if and only if(
c′23
c′11
)8
∆′31 =
(
c23
c11
)8
∆31
and
c′12
c′23
=
c12
c23
(b) For any λ1, λ2,∈ C, there exists L(C) ∈ U
1
7 such that(
c23
c11
)8
∆31 = λ1,
c12
c23
= λ2.
Then orbits in U17 can be parametrized as L (λ1, 0, 1, λ2, 0, 0, 1) , λ1, λ2 ∈ C.
2 The subset U67 is a single orbit with the representative L(0, 1, 0, 0, 0, 0, 1).
Proof. 1. (a) The “If” part of the proposition is due to Proposition 3.1 if one substitutes the
expressions for c′00, c
′
01, c
′
11, c
′
12, c
′
13, c
′
23 into(
c′23
c′11
)8
∆′31 , and
c′12
c′23
, respectively.
“ Only if ” part. Let the equalities(
c′23
c′11
)8
∆′31 =
(
c23
c11
)8
∆31
and
c′12
c′23
=
c12
c23
hold. Consider the base change (19) in the proof of Proposition 3.1 with
A1 =
−A0c01
2 c11
, B1 =
A0
2
c23
,
and
B3 =
A0B
2
1c14 +B2(A0B1c13 +A1B1c12c23 +A0B2c23 −A1B1c
2
12)
2A0B1c23 −A0B1c12
This base change transforms L(C) into
L
((
c23
c11
)8
∆31, 0, 1,
c12
c23
, 0, 0, 1
)
.
An analogous base change with “prime” transforms L(C′) into
L
((
c′23
c′11
)8
∆′31 , 0, 1,
c′12
c′23
, 0, 0, 1
)
.
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Since (
c′23
c′11
)8
∆′31 =
(
c23
c11
)8
∆31
and
c′12
c′23
=
c12
c23
,
the algebras are isomorphic. Obvious.
2. To prove it, it is enough to put appropriate values of A0, A1, B1 in the base change (19).
Then, it is easy to see that A40 = c01, A1 = −A0
c00
c01
, B21 =
c01
c2
23
and B2, B3 ∈ C.
5 Isomorphism criterion for TLb8
As noted in the introductory section and corroborated in Section 2, an algebra L from TLb8 is represented
as a one dimensional Leibniz central extension (C(L) =< e7 >) of the filiform Lie algebra with law µ7+Ψ,
where Ψ is the appropriate cocycle on the adapted basis {e0, e1, ..., e7}, the class TLb8 is represented as
follows:
TLb8 =


[ei, e0] = ei+1, 1 ≤ i ≤ 6,
[e0, ei] = −ei+1, 2 ≤ i ≤ 6,
[e0, e0] = b00e7,
[e0, e1] = −e2 + b01e7,
[e1, e1] = b11e7,
[e1, e2] = −[e2, e1] = a14e4 + a15e5 + a16e6 + b12e7,
[e1, e3] = −[e3, e1] = a14 e5 + a15e6 + b13e7,
[e1, e4] = −[e4, e1] = (a14 − a26)e6 + b14e7,
[e1, e5] = −[e5, e1] = b15e7,
[e2, e3] = −[e3, e2] = a26e6 + b23e7,
[e2, e4] = −[e4, e2] = b24e6.
[ei, e7−i] = −[e7−i, ei] = (−1)
ib34e7 1 ≤ i ≤ 6
The interrelations between the structure constants aij and bst in the table above are listed as follows.
Lemma 5.1. The structure constants of algebras from TLb8 satisfy the following constraints:
1. b13 = a16,
2. b14 = a15 − b23
3. b24 = a26
4. b15 = a14 − 2a26
5. b34(a26 + 2a14) = 0
Proof. First and second relations occur if we apply the Leibniz identity to the triples
{e0, e1, e2}, {e0, e1, e3} of the basis vectors respectively, and the third, fourth and fifth relations are
obtained as a result of application of the Leibniz identity to {e0, e2, e3}, {e0, e1, e4}, and {e1, e2, e3} re-
spectively.
Further unifying the table of multiplication above we rewrite it via new notations
c00, c01, c11, c12, c13, c14, c15, c23, c24, c34 for the structure constants:
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TLb8 =


[ei, e0] = ei+1, 1 ≤ i ≤ 6,
[e0, ei] = −ei+1, 2 ≤ i ≤ 6,
[e0, e0] = c00e7,
[e0, e1] = −e2 + c01e7,
[e1, e1] = c11e7,
[e1, e2] = −[e2, e1] = c12e4 + c13e5 + c14e6 + c15e7,
[e1, e3] = −[e3, e1] = c12e5 + c13e6 + c14e7,
[e1, e4] = −[e4, e1] = (c12 − c23)e6 + (c13 − c24)e7,
[e1, e5] = −[e5, e1] = (c12 − 2c23)e7,
[e2, e3] = −[e3, e2] = c23e6 + c24e7,
[e2, e4] = −[e4, e2] = c23e7.
[ei, e7−i] = −[e7−i, ei] = (−1)
ic34e7 1 ≤ i ≤ 6
An algebra from TLb8 with the structure constants c00, c01, c11, c12, c13, c14, c15, c23, c24, c34 is denoted by
L(C), where C = (c00, c01, c11, c12, c13, c14, c15, c23, c24, c34). The next theorem represents the action of the
adapted base change on the structure constants c00, c01, c11, c12, c13, c14, c15, c23, c24, c34 of algebra from
TLb8.
Proposition 5.1. (Isomorphism criterion for TLb8)
Two filiform Leibniz algebras L(C′) and L(C), where C′ = (c′00, c
′
01, c
′
11, c
′
12, c
′
13, c
′
14, c
′
23) and C =
(c00, c01, c11, c12, c13, c14, c23), from TLb8 are isomorphic if and only if there exist A0, A1, B1, B2, B3 ∈ C
such that A0B1 6= 0 and the following hold:
c′00 =
A20c00 +A0A1c01 +A
2
1c11
A50B1(A0 +A1c34)
, (21)
c′01 =
A0c01 + 2A1c11
A50(A0 +A1c34)
, (22)
c′11 =
B1c11
A50(A0 +A1c34)
, (23)
c′12 =
B1c12
A20
, (24)
c′13 =
B1 c13 + B2 c12
A30
, (25)
c′14 =
1
A50B1
{
A0B
2
1c14 +B2(A0B1c13 +A1B1c12c23 +A0B2c23 −A1B1c
2
12) (26)
− B3(2A0B1c23 −A0B1c12)}
c′15 =
1
A50B1(A0 +A1c34)
{
A0B
2
1c15 + (A0B1B2 +A1B1B2)c14 + (A0B1B3 − 2A1B1B2c12
+ 2A1B1B2c23 +A1B1B3c34)c13 + (A0B1B4 +A1B1B2c24 −A1B1B3c12 + 2A1B1B3c23
+ A1B1B4c34 −A1B
2
2c23)c12 + (A0B2B3 − 3A0B1B4 −A1B1B4c34)c23 + (A0B
2
2
− 2A0B1B3)c24 + (2A0B2B4 −A0B
2
3 − 2A0B1B5)c34
}
(27)
c′23 =
B1c23
A20
(28)
c′24 =
1
A50(A0 +A1c34)
{
A30B
2
1c24 + (A
3
0B1B2 −A
2
0A1B
2
1c12)c23 + (2A
3
0B1B3 −A
3
0B
2
2
− 2A20A1B1B2c12 −A
2
0A1B
2
1c13)c34
}
(29)
c′34 =
B1c34
A0 +A1c34
(30)
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Proof. “If” part. The equations (21), (22), (23) occur due to Lemma 2.1. Note that according to Propo-
sitions 2.2 and 2.3, the adapted transformations in TLb8 can be taken as follows:


e′0 = f(e0) = A0 e0 +A1 e1,
e′1 = f(e1) = B1 e1 +B2 e2 +B3 e3 +B4 e4 + B5 e5,
e′i = f(ei) = [f(ei−1), f(e0)], 1 ≤ i ≤ 7,
(31)
where A0B1 6= 0, that is,
e′2 = A0B1e2 +A0B2e3 + (A0B3 −A1B2c12) e4 − (A0B4 +A1B2c13 +A1B3c12) e5
+ (A0B5 −A1B2c14 −A1B3c13 +A1B4c23 −A1B4c12)e6 + (A1B1c11
− A1B2c15 −A1B3c14 +A1B4c24 −A1B4c13 + 2A1B5c23 −A1B5c12) e7,
e′3 = A
2
0B1e3 +
(
A20B2 −A0A1B1c12
)
e4 + (A
2
0B3 − 2A0A1B2c12 − A0A1B1c13)e5
+
(
A20B4 − 2A0A1B2c13 − 2A0A1B3c12 −A0A1B1c14 +A0A1B3c23
− A21B2c12c23 +A
2
1B2c
2
12
)
e6 + (A
2
0B5 − 2A0A1B2c14 −A0A1B3c13 + 3A0A1B4c23
− 2A0A1B4c12 −A0A1B1c15 +A0A1B3c24 + 2A
2
1B2c12c13 − 2A
2
1B2c13c23 − 2A
2
1B3c12c23
+A21B3c
2
12 +A0A1B5c34 −A
2
1B2c14c34 −A
2
1B3c12c34 +A
2
1B4c23c34 −A
2
1B4c12c34)e7,
e′4 = A
3
0B1e4 + (A
3
0B2 − 2A
2
0A1B1c12)e5 + (A
3
0B3 − 2A
2
0A1B2c12 − 2A
2
0A1B1c13)e6
+ (A30B4 − 2A
2
0A1B2c13 − 2A
2
0A1B3c12 − 2A
2
0A
2
1B1c14 +A
2
0A1B3c23 −A0A
2
1B2c12c23
+A0A
2
1B2c
2
12 + 2A
3
0A1B3c23 −A
3
0A1B2c12 − 2A
2
0A
2
1B1c12c23 +A
2
0A
2
1B1c
2
12 +A
3
0A1B3c34
−A20A
2
1B1c13c34 − 2A
2
0A
2
1B2c12c34)e7,
e′5 = A
4
0B1e5 + (A
4
0B2 +A
3
0A1B1c23 − 3A
3
0A1B1c12)e6 + (A
4
0B3 − 3A
3
0A1B1c12 − 2A
3
0A1B1c13
+A30A1B1c24 + 2A
3
0A1B2c23 − 4A
2
0A
2
1B1c12c23 − 2A
2
0A
2
1B1c
2
12 +A
3
0A1B3c34
− 2A20A
2
1B2c12c34 − 2A
2
0A
2
1B1c13c34)e7,
e′6 = A
5
0B1e6 + (A
5
0B2 + 3A
4
0A1B1c23 − 4A
4
0A1B1c12 +A
4
0A1B2c34 +A
3
0A
2
1B1c23c34
− 3A30A
2
1B1c13c34)e7
e′7 = A
5
0B1(A0 +A1c34)e7.
Consider,
[e′1, e
′
2] =A0B
2
1c12e4 +
(
A0B
2
1c13 +A0B1B2c12
)
e5 +
(
A0B
2
1c14 + A0B1B3c13
+ (A0B1B3 +A1B1B2c23)c12 + (A0B
2
2 − 2A0B1B3)c23 −A1B1B2c
2
12
)
e6
+
(
A0B
2
1c15 + (A0B1B2 +A1B1B2c34)c14 + (A0B1B3 − 2A1B1B2c12 + 2A1B1B2c23
+ A1B1B3c34)c13 + (A0B1B4 + A1B1B2c24 −A1B1B3c12 + 2A1B1B3c23
+ A1B1B4c34 −A1B
2
2c23 −A1B2B3c34 +A1B2B3c34)c12 + (A0B2B3 − 3A0B1B4
− A1B1B4c34)c23 + (A0B
2
2 − 2A0B1B3)c24 + (2A0B2B4 −A0B
2
3 − 2A0B1B5c34)
)
e7
= c′12e
′
4 + c
′
13e
′
5 + c
′
14e
′
6 + c
′
15e
′
7 (32)
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But,
c′12e
′
4 = c
′
12
(
A30B1e4 + (A
3
0B2 − 2A
2
0A1B1c12)e5 + (A
3
0B3 − 2A
2
0A1B2c12 − 2A
2
0A1B1c13)e6
+ (A30B4 − 2A
2
0A1B2c13 − 2A
2
0A1B3c12 − 2A
2
0A
2
1B1c14 +A
2
0A1B3c23 −A0A
2
1B2c12c23
+A0A
2
1B2c
2
12 + 2A
3
0A1B3c23 −A
3
0A1B2c12 − 2A
2
0A
2
1B1c12c23 +A
2
0A
2
1B1c
2
12 +A
3
0A1B3c34
−A20A
2
1B2c12c34 −A
2
0A
2
1B1c13c34 −A
2
0A1B2c12c34)e7
)
,
c′13e
′
5 = c
′
13
(
A40B1e5 + (A
4
0B2 +A
3
0A1B1c23 − 3A
3
0A1B1c12)e6 + (A
4
0B3 − 3A
3
0A1B1c12
− 2A30A1B1c13 +A
3
0A1B1c24 + 2A
3
0A1B2c23 − 4A
2
0A
2
1B1c12c23 − 2A
2
0A
2
1B1c
2
12
+A30A1B3c34 − 2A
2
0A
2
1B2c12c34 − 2A
2
0A
2
1B1)e7
)
,
c′14e
′
6 = c
′
14
(
A50B1e6 + (A
5
0B2 + 3A
4
0A1B1c23 − 4A
4
0A1B1c12 +A
4
0A1B2c34 +A
3
0A
2
1B1c23c34
− 3A30A
2
1B1c13c34)e7
)
,
c′15e
′
7 = c
′
15
(
A50B1(A0 +A1c34)e7
)
On comparing the coefficients of e4, e5, e6 and e7 with the corresponding coefficients in (32), we obtain
the equalities (24), (25), (26) and (27), respectively. The equalities (28) and (29) follows from
[f(e1), f(e4)] = c
′
23e
′
6 + c
′
24e
′
7
[f(e1), f(e4)] = A0B
2
1c23e6 +
(
A30B
2
1c24 + (A
3
0B1B2 − 2A
2
0A1B
2
1c12)c23 +A
2
0A1B
2
1c
2
12
− (2A30B1B3 − 2A
2
0A1B
2
1c12 − 2A
2
0A1B
2
1c13 +A
2
0A1B1B2c12 −A
3
0B
2
2)c34
)
e7 (33)
Since
c′23e
′
6 = c
′
23
(
A50B1e6 + (A
5
0B2 + 3A
4
0A1B1c23 − 4A
4
0A1B1c12 +A
4
0A1B2c34 +A
3
0A
2
1B1c23c34
− 3A30A
2
1B1c13c34)e7
)
and
c′24e
′
7 =
(
A50B1(A0 +A1c34)e7
)
.
We obtain the equalities (28) and (29) by comparing the coefficients of e6 and e7 with the corresponding
coefficients in (33) respectively.
The last equation follows by considering the bracket
[f(e3), f(e4)] = A
5
0B
2
1c34e7 = c
′
34e
′
7 = c
′
34(A
5
0B1(A0 +A1c34)e7).
“Only if” part. Let the equalities (21)–(30) hold. Then the base change (31) is adapted and L(C) is
transformed to L(C′).
Indeed,
[e′0, e
′
0] = [A0e0 + A1e1, A0e0 +A1e1]
= A20[e0, e0] +A0A1[e0, e1] +A0A1[e1, e0] +A
2
1[e1, e1]
=
(
A20c00 +A0A1c01 +A
2
1c11
)
e6
= c′00A
5
0B1e6 = c
′
00e
′
6.
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[e′0, e
′
1] = [A0e0 +A1e1, B1e1 + B2e2 +B3e3]
= A0B1 (−e2 + c01e6)−A0B2e3 −A0B3e4 +A1B1c11e6+
A1B2(c12e4 + c13e5 + c14e6) + A1B3(c12e5 + c13e6)
= −(A0B1 e2 +A0B2e3 + (A0B3 −A1B2c12) e4 −A1 (B2c13 +B3c12) e5+
A1 (B1c11 −B2c14 −B3c13) e6) +B1 (A0c01 + 2A1c11) e6
= −e′2 +A
5
0B1c
′
01e6 = −e
′
2 + c
′
01e
′
6.
[e′1, e
′
1] = [B1e1 +B2e2 +B3e3, B1e1 +B2e2 +B3e3]
= [B1e1, B1e1] = B
2
1c11e6 = A
5
0B1c
′
11e6 = c
′
11e
′
6.
c′01 and c
′
11 are obtained as in (21) and (22) after substituting the value of e
′
2 and e
′
6, simplify and divide
resulting equation by the value of e′6 respectively. The other parameters on the left-hand side of the
equations in Proposition 5.1 can be obtained similarly by considering [e′1, e
′
2] and [e
′
1, e
′
4].
6 Isomorphism classes in TLb8
In this subsection we give the list of isomorphism classes in TLb8. For simplification purpose, we introduce
the following notations χ2(X) = 2 x11−x01x34, χ3(X) = x01−x00x34, and χ4(X) = x12x23+x13x34 where
X = (x00, x01, x11, x12, x13, x14, x15, x23, x24, x34). Let ∆1 = χ1(C), ∆2 = χ2(C) ∆
′
1 = χ1(C
′), and ∆′2 =
χ2(C
′). We present TLb8 as a union of the following disjoint subsets:
U18 = {L(C) ∈ TLb8 : c34 6= 0, c11 6= 0, c12 6= 0};
U28 = {L(C) ∈ TLb8 : c34 6= 0, c11 6= 0, c12 = 0,∆1 6= 0, c23 6= 0};
U38 = {L(C) ∈ TLb8 : c34 6= 0, c11 6= 0, c12 = 0,∆1 6= 0, c23 = 0, c13 6= 0};
U48 = {L(C) ∈ TLb8 : c34 6= 0, c11 6= 0, c12 = 0,∆1 6= 0, c23 = 0, c13 = 0};
U58 = {L(C) ∈ TLb8 : c34 6= 0, c11 6= 0, c12 = 0,∆1 = 0, c23 6= 0};
U68 = {L(C) ∈ TLb8 : c34 6= 0, c11 6= 0, c12 = 0,∆1 = 0, c23 = 0, c13 6= 0};
U78 = {L(C) ∈ TLb8 : c34 6= 0, c11 6= 0, c12 = 0,∆1 = 0, c23 = 0, c13 = 0};
U88 = {L(C) ∈ TLb8 : c34 6= 0, c11 = 0, c01 6= 0, c12 6= 0};
U98 = {L(C) ∈ TLb8 : c34 6= 0, c11 = 0, c01 6= 0, c12 = 0, c23 6= 0};
U108 = {L(C) ∈ TLb8 : c34 6= 0, c11 = 0, c01 6= 0, c12 = 0, c23 = 0, c13 6= 0};
U118 = {L(C) ∈ TLb8 : c34 6= 0, c11 = 0, c01 6= 0, c12 = 0, c23 = 0, c13 = 0};
U128 = {L(C) ∈ TLb8 : c34 6= 0, c11 = 0, c01 = 0, c00 6= 0, c12 6= 0};
U138 = {L(C) ∈ TLb8 : c34 6= 0, c11 = c01 = 0, c00 6= 0, c12 = 0, c13 6= 0, c23 6= 0};
U148 = {L(C) ∈ TLb8 : c34 6= 0, c11 = c01 = 0, c00 6= 0, c12 = 0, c13 6= 0, c23 = 0};
U158 = {L(C) ∈ TLb8 : c34 6= 0, c11 = c01 = 0, c00 6= 0, c12 = c13 = 0, c23 6= 0};
U168 = {L(C) ∈ TLb8 : c34 6= 0, c11 = 0, c01 = 0, c00 6= 0, c12 = 0, c13 = 0, c23 = 0, c14 6= 0};
U178 = {L(C) ∈ TLb8 : c34 6= 0, c11 = 0, c01 = 0, c00 6= 0, c12 = 0, c13 = 0, c23 = 0, c14 = 0};
U188 = {L(C) ∈ TLb8 : c34 6= 0, c11 = 0, c01 = 0, c00 = 0, c12 6= 0, c13 6= 0};
U198 = {L(C) ∈ TLb8 : c34 6= 0, c11 = 0, c01 = 0, c00 = 0, c12 6= 0, c13 = 0};
U208 = {L(C) ∈ TLb8 : c34 6= 0, c11 = c01 = c00 = c12 = 0, c13 6= 0, c23 6= 0};
U218 = {L(C) ∈ TLb8 : c34 6= 0, c11 = c01 = c00 = c12 = 0, c13 6= 0, c23 = 0};
U228 = {L(C) ∈ TLb8 : c34 6= 0, c11 = c01 = c00 = c12 = c13 = 0, c23 6= 0};
U238 = {L(C) ∈ TLb8 : c34 6= 0, c11 = c01 = c00 = c12 = c13 = c23 = 0, c14 6= 0};
U248 = {L(C) ∈ TLb8 : c34 6= 0, c11 = c01 = c00 = c12 = c13 = c23 = c14 = 0};
U258 = {L(C) ∈ TLb8 : c34 = 0, c23 6= 0, c11 6= 0, c12 6= 0}.
U268 = {L(C) ∈ TLb8 : c34 = 0, c23 6= 0, c11 6= 0, c12 = 0,∆1 6= 0}.
U278 = {L(C) ∈ TLb8 : c34 = 0, c23 6= 0, c11 6= 0, c12 = 0,∆1 = 0}.
U288 = {L(C) ∈ TLb8 : c34 = 0, c23 6= 0, c11 = 0, c01 6= 0, c12 6= 0}.
U298 = {L(C) ∈ TLb8 : c34 = 0, c23 6= 0, c11 = 0, c01 6= 0, c12 = 0}.
U308 = {L(C) ∈ TLb8 : c34 = 0, c23 6= 0, c11 = 0, c01 = 0, c00 6= 0, c12 6= 0};
U318 = {L(C) ∈ TLb8 : c34 = 0, c23 6= 0, c11 = 0, c01 = 0, c00 6= 0, c12 = 0};
U328 = {L(C) ∈ TLb8 : c34 = 0, c23 6= 0, c11 = c01 = c00 = 0, c12 6= 0, c13 6= 0};
A. O. Abdulkareem, I.S. Rakhimov and S. K. Said Husain 15
U338 = {L(C) ∈ TLb8 : c34 = 0, c23 6= 0, c11 = c01 = c00 = 0, c12 6= 0, c13 = 0};
U348 = {L(C) ∈ TLb8 : c34 = 0, c23 6= 0, c11 = c01 = c00 = c12 = 0, c13 6= 0};
U358 = {L(C) ∈ TLb8 : c34 = 0, c23 6= 0, c11 = c01 = c00 = c12 = c13 = 0};
U368 = {L(C) ∈ TLb8 : c34 = 0, c23 = 0, c24 6= 0, c11 6= 0, c12 6= 0};
U378 = {L(C) ∈ TLb8 : c34 = 0, c23 = 0, c24 6= 0, c11 6= 0, c12 = 0,∆1 6= 0, c13 6= 0};
U388 = {L(C) ∈ TLb8 : c34 = 0, c23 = 0, c24 6= 0, c11 6= 0, c12 = 0,∆1 6= 0, c13 = 0};
U398 = {L(C) ∈ TLb8 : c34 = 0, c23 = 0, c24 6= 0, c11 6= 0, c12 = 0,∆1 = 0, c13 6= 0};
U408 = {L(C) ∈ TLb8 : c34 = 0, c23 = 0, c24 6= 0, c11 6= 0, c12 = 0,∆1 = 0, c13 = 0};
U418 = {L(C) ∈ TLb8 : c34 = 0, c23 = 0, c24 6= 0, c11 = 0, c01 6= 0, c12 6= 0};
U428 = {L(C) ∈ TLb8 : c34 = c23 = 0, c24 6= 0, c11 = 0, c01 6= 0, c12 = 0, c13 6= 0};
U438 = {L(C) ∈ TLb8 : c34 = c23 = 0, c24 6= 0, c11 = 0, c01 6= 0, c12 = c13 = 0};
U448 = {L(C) ∈ TLb8 : c34 = c23 = 0, c24 6= 0, c11 = c01 = 0, c00 6= 0, c12 6= 0};
U458 = {L(C) ∈ TLb8 : c34 = 0, c23 = 0, c24 6= 0, c11 = 0, c01 = 0, c00 6= 0, c12 = 0, c13 6= 0};
U468 = {L(C) ∈ TLb8 : c34 = 0, c23 = 0, c24 6= 0, c11 = 0, c01 = 0, c00 6= 0, c12 = 0, c13 = 0};
U478 = {L(C) ∈ TLb8 : c34 = c23 = 0, c24 6= 0, c11 = c01 = c00 = 0, c12 6= 0};
U488 = {L(C) ∈ TLb8 : c34 = 0, c23 = 0, c24 6= 0, c11 = 0, c01 = 0, c00 = 0, c12 = 0, c13 6= 0, c14 6= 0};
U498 = {L(C) ∈ TLb8 : c34 = 0, c23 = 0, c24 6= 0, c11 = 0, c01 = 0, c00 = 0, c12 = 0, c13 6= 0, c14 = 0};
U508 = {L(C) ∈ TLb8 : c34 = c23 = 0, c24 6= 0, c11 = c01 = c00 = c12 = c13 = 0};
U518 = {L(C) ∈ TLb8 : c34 = c23 = c24 = 0, c11 6= 0, c12 6= 0};
U528 = {L(C) ∈ TLb8 : c34 = c23 = c24 = 0, c11 6= 0, c12 = 0,∆1 6= 0, c13 6= 0};
U538 = {L(C) ∈ TLb8 : c34 = 0, c23 = 0, c24 = 0, c11 6= 0, c12 = 0,∆1 6= 0, c13 = 0, c14 6= 0};
U548 = {L(C) ∈ TLb8 : c34 = 0, c23 = 0, c24 = 0, c11 6= 0, c12 = 0,∆1 6= 0, c13 = 0, c14 = 0};
U558 = {L(C) ∈ TLb8 : c34 = c23 = c24 = 0, c11 6= 0, c12 = 0,∆1 = 0, c13 6= 0};
U568 = {L(C) ∈ TLb8 : c34 = c23 = c24 = 0, c11 6= 0, c12 = ∆1 = c13 = 0, c14 6= 0};
U578 = {L(C) ∈ TLb8 : c34 = 0, c23 = 0, c24 = 0, c11 6= 0, c12 = 0,∆1 = 0, c13 = 0, c14 = 0, c15 6= 0};
U588 = {L(C) ∈ TLb8 : c34 = 0, c23 = 0, c24 = 0, c11 6= 0, c12 = 0,∆1 = 0, c13 = 0, c14 = 0, c15 = 0};
U598 = {L(C) ∈ TLb8 : c34 = c23 = c24 = c11 = 0, c01 6= 0, c12 6= 0};
U608 = {L(C) ∈ TLb8 : c34 = c23 = c24 = c11 = 0, c01 6= 0, c12 = 0, c13 6= 0};
U618 = {L(C) ∈ TLb8 : c34 = 0, c23 = 0, c24 = 0, c11 = 0, c01 6= 0, c12 = 0, c13 = 0, c14 6= 0};
U628 = {L(C) ∈ TLb8 : c34 = 0, c23 = 0, c24 = 0, c11 = 0, c01 6= 0, c12 = 0, c13 = 0, c14 = 0, c15 6= 0};
U638 = {L(C) ∈ TLb8 : c34 = 0, c23 = 0, c24 = 0, c11 = 0, c01 6= 0, c12 = 0, c13 = 0, c14 = 0, c15 = 0};
U647 = {L(C) ∈ TLb7 : c34 = c23 = c24 = c11 = c01 = 0, c00 6= 0, c12 6= 0};
U658 = {L(C) ∈ TLb8 : c34 = 0, c23 = 0, c24 = 0, c11 = 0, c01 = 0, c00 6= 0, c12 = 0, c13 6= 0};
U668 = {L(C) ∈ TLb8 : c34 = 0, c23 = 0, c24 = 0, c11 = 0, c01 = 0, c00 6= 0, c12 = 0, c13 = 0, c14 6= 0};
U678 = {L(C) ∈ TLb8 : c34 = 0, c23 = 0, c24 = 0, c11 = 0, c01 = 0, c00 6= 0,
c12 = 0, c13 = 0, c14 = 0, c15 6= 0} ;
U688 = {L(C) ∈ TLb8 : c34 = 0, c23 = 0, c24 = 0, c11 = 0, c01 = 0, c00 6= 0,
c12 = 0, c13 = c14 = 0, c15 = 0} ;
U698 = {L(C) ∈ TLb8 : c34 = c23 = c24 = c11 = c01 = c00 = 0, c12 6= 0};
U708 = {L(C) ∈ TLb8 : c34 = c23 = c24 = c11 = c01 = c00 = c12 = 0, c13 6= 0};
U718 = {L(C) ∈ TLb8 : c34 = 0, c23 = 0, c24 = 0, c11 = 0, c01 = 0, c00 = 0,
c12 = 0, c13 = 0, c14 6= 0} ;
U728 = {L(C) ∈ TLb8 : c34 = 0, c23 = 0, c24 = 0, c11 = 0, c01 = 0, c00 = 0
c12 = 0, c13 = 0, c14 = 0, c15 6= 0} ;
U738 = {L(C) ∈ TLb8 : c34 = c23 = c24 = c11 = c01 = c00 = c12 = c13 = c14 = c15 = 0} .
The above subsets are disjoint. Some of them are single orbits such as U148 , U
15
8 , U
16
8 , U
17
8 , U
21
8 ,
U228 , U
23
8 , U
24
8 , U
25
8 , U
35
8 U
36
8 , U
48
8 , U
52
8 , U
57
8 while some are parametric family of orbits like U
1
8 , U
2
8 , U
3
8 ,
U48 , U
5
8 , U
7
8 , U
8
8 , U
10
8 , U
13
8 , U
18
8 , among others.
The following proposition gives the isomorphism criterion only for one subset from each type, that is one
from infinitely many orbits case and one from single orbits case.
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Proposition 6.1.
1. (a) Two algebras L(C′) and L(C) from U68 are isomorphic, if and only if
c′513∆
′5
2
c′711c
′3
34
=
c513∆
5
2
c711c
3
34
(b) For any λ ∈ C, there exists L(C) ∈ U68 :
c513∆
5
2
c711c
3
34
= λ.
Then orbits in U68 can be parameterized as L (0, 0, 1, 0, λ, 0, 0, 0, 0, 1) , λ ∈ C.
2. The subset U148 with the representative L(1, 0, 0, 0, 1, 0, 0, 0, 0, 1) is a single orbit.
Proof. 1. (a) “If” part is due to Theorem 5.1 if one substitutes the expressions for c′01 c
′
11, c
′
13,
and c′34 into
c′513∆
′5
2
c′711c
′3
34
.
“ Only if ” part. Let the equalities
c′513∆
′5
2
c′711c
′3
34
=
c513∆
5
2
c711c
3
34
holds.
Consider the base change (31) in the proof of Theorem 5.1 with
A50 =
c11
c34
, A1 =
−A0c01
2 c11
, B51 =
(2c11 − c01c34)
5
2c411c
6
34
,
and
B3 =
A30B
2
2c34 +A
2
0A1B
2
1c13c34 −A
3
0B
2
1c24
2A30B1c34
This changing transforms L(C) into
L
(
0, 0, 1, 0,
c513∆
5
2
c711c
3
34
, 0, 0, 0, 0, 1
)
.
An analogous base change transforms L(C′) into
L
(
0, 0, 1, 0,
c′513∆
′5
2
c′711c
′3
34
, 0, 0, 0, 0, 1
)
.
Since
c′513∆
′5
2
c′711c
′3
34
=
c513∆
5
2
c711c
3
34
the algebras are isomorphic.
(b) It is an obvious consequence of 1(a).
2. This is proved by putting appropriate values of A0, A1, B1, B2, and B3 into the base change (31).
It is not too laborious to realise that A90 =
c00c
2
13
c34
, B1 =
A3
0
c13
, B2 =
B1c14
c13
, B3 =
A3
0
B2
2
c34−A
3
0
B2
1
c24
2A3
0
B1c34
,
and A1, B4, B5 ∈ C.
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7 Conclusion
This section summarizes the result of this study by listing its milestones. The isomorphism classes in
TLb7 and TLb8 are presented, together with the invariant functions in parametric family of orbits case,
in four tables as shown in Table 1, Table 2, Table 3 and Table 4 below.
1. In TLb7 we outline 30 isomorphism classes (10 parametric family of orbits and 20 single orbits) of
seven dimensional complex filiform Leibniz algebras while in TLb8, there 73 isomorphism classes
(32 single orbits and 41 parametric family of orbits). These classes exhaust all possible cases.
2. The seven-dimensional filiform Lie algebras are covered by U107 , U
11
7 , U
12
7 , U
26
7 , U
27
7 , U
28
7 , U
29
7 , and
U307 , while the eight-dimensional filiform Lie algebras are covered by U
18
8 , U
19
8 , U
20
8 , U
21
8 , U
22
8 , U
23
8 ,
U248 , U
32
8 , U
33
8 , U
34
8 , U
35
8 , U
47
8 , U
48
8 , U
49
8 , U
50
8 , U
69
8 , U
70
8 , U
71
8 , U
72
8 and U
73
8 .
3. The list of resulting filiform Lie algebras in seven-dimensional case agrees with that given in [3]
and [7]. However, we found that the list in TLb8 agrees with the list given in [3] while we have one
more class of filiform Lie algebras than the classes given in [7]. Therefore, the list of isomorphism
classes given in [7] should be accordingly corrected.
Table 1: The list of single orbits in TLb7
Subsets Representative of orbits Subsets Representative of orbits
U67 L(0, 1, 0, 0, 0, 0, 1) U
9
7 L(1, 0, 0, 0, 0, 0, 1)
U117 L(0, 0, 0, 0, 1, 0, 1) U
21
7 L(0, 1, 0, 0, 0, 0, 0)
U127 L(0, 0, 0, 0, 0, 0, 1) U
22
7 L(1, 0, 0, 1, 0, 0, 0)
U157 L(0, 0, 1, 0, 1, 0, 0) U
23
7 L(1, 0, 0, 0, 1, 0, 0)
U167 L(0, 0, 1, 0, 0, 1, 0) U
24
7 L(1, 0, 0, 0, 0, 1, 0)
U177 L(0, 0, 1, 0, 0, 0, 0) U
25
7 L(1, 0, 0, 0, 0, 0, 0)
U187 L(0, 1, 0, 1, 0, 0, 0) U
26
7 L(0, 0, 0, 1, 0, 0, 0)
U197 L(0, 1, 0, 0, 1, 0, 0) U
27
7 L(0, 0, 0, 0, 1, 0, 0)
U207 L(0, 1, 0, 0, 0, 1, 0) U
28
7 L(0, 0, 0, 0, 1, 1, 0)
U307 L(0, 0, 0, 0, 0, 0, 0) U
29
7 L(0, 0, 0, 0, 0, 1, 0)
Table 2: Parametric family of orbits of TLb7 with invariant functions
Subsets Representative of orbits Invariant functions
U17 L (λ1, 0, 1, λ2, 0, 0, 1) f1(X) =
(
x23
x11
)8
(χ1(X))
3
, f2(X) =
x12
x23
U27 L (1, 0, 1, 0, λ1, 0, λ2) f1(X) =
(
x13
x11
)4
(χ1(X)) , f2(X) =
(
x23
x11
)8
(χ1(X))
3
U37 L (0, 0, 1, 0, λ, 0, 1) f(X) =
x3
13
x11x
2
23
U47 L (0, 1, 0, λ, 0, 0, 1) f(X) =
x12
x23
U57 L (0, λ, 0, 0, 1, 0, 1) f(X) = x01
(
x23
x13
)4
U77 L (1, 0, 0, 1, 0, 0, λ) f(X) =
x23
x12
U87 L (λ, 0, 0, 0, 1, 0, 1) f(X) =
x00x
6
23
x5
13
U107 L (0, 0, 0, 1, 0, 0, λ) f(X) =
x23
x12
U137 L (λ, 0, 1, 1, 0, 0, 0) f(X) =
(
x12
x11
)8
(χ1(X))
3
U147 L (1, 0, 1, 0, λ, 0, 0, ) f(X) =
(
x13
x11
)4
(χ1(X))
X = (x00, x01, x11, x12, x13, x14, x23).
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Table 3: The list of single orbits in TLb8
Subsets Representative of orbits Subsets Representative of orbits
U148 L(1, 0, 0, 0, 1, 0, 0, 0, 0, 1) U
15
8 L(1, 0, 0, 0, 0, 0, 0, 1, 0, 1)
U168 L(1, 0, 0, 0, 0, 1, 0, 0, 0, 1) U
17
8 L(1, 0, 0, 0, 0, 0, 0, 0, 0, 1)
U208 L(0, 0, 0, 0, 1, 0, 0, 1, 0, 1) U
21
8 L(0, 0, 0, 0, 1, 0, 0, 0, 0, 1)
U228 L(0, 0, 0, 0, 0, 0, 0, 1, 0, 1) U
23
8 L(0, 0, 0, 0, 0, 1, 0, 0, 0, 1)
U248 L(0, 0, 0, 0, 0, 0, 0, 0, 0, 1) U
34
8 L(0, 0, 0, 0, 1, 0, 0, 1, 0, 0)
U358 L(0, 0, 0, 0, 0, 0, 0, 1, 0, 0) U
47
8 L(0, 0, 0, 1, 0, 0, 0, 0, 1, 0)
U508 L(0, 0, 0, 0, 0, 1, 0, 0, 1, 0) U
55
8 L(0, 0, 1, 0, 1, 0, 0, 0, 0, 0)
U568 L(0, 0, 1, 0, 0, 1, 0, 0, 0, 0) U
57
8 L(0, 0, 1, 0, 0, 0, 1, 0, 0, 0)
U588 L(0, 0, 1, 0, 0, 0, 0, 0, 0, 0) U
59
8 L(0, 1, 0, 1, 0, 0, 0, 0, 0, 0)
U608 L(0, 1, 0, 0, 1, 0, 0, 0, 0, 0) U
61
8 L(0, 1, 0, 0, 0, 1, 0, 0, 0, 0)
U628 L(0, 1, 0, 0, 0, 0, 1, 0, 0, 0) U
63
8 L(0, 1, 0, 0, 0, 0, 0, 0, 0, 0)
U648 L(1, 0, 0, 1, 0, 0, 0, 0, 0, 0) U
65
8 L(1, 0, 0, 0, 1, 0, 0, 0, 0, 0)
U668 L(1, 0, 0, 0, 0, 1, 0, 0, 0, 0) U
67
8 L(1, 0, 0, 0, 0, 0, 1, 0, 0, 0)
U688 L(1, 0, 0, 0, 0, 0, 0, 0, 0, 0) U
69
8 L(0, 0, 0, 1, 0, 0, 0, 0, 0, 0)
U708 L(0, 0, 0, 0, 1, 0, 0, 0, 0, 0) U
71
8 L(0, 0, 0, 0, 0, 1, 0, 0, 0, 0)
U728 L(0, 0, 0, 0, 0, 0, 1, 0, 0, 0) U
73
8 L(0, 0, 0, 0, 0, 0, 0, 0, 0, 0)
Table 4: Parametric family of orbits in TLb8 with invariant functions
Subsets Representative of orbits Invariant functions
U18 L (λ1, 0, 1, λ2, 0, 0, 0, λ3, λ4, 1)
f1(X) =
(
x34
χ2(X)
)2
χ1(X),
f2(X) =
x512(χ2(X))
5
x611x
4
34
,
f3(X) =
x523(χ2(X))
5
x611x
4
34
,
f4(X) =
(2x11x24 + x01(χ4(X)))
5
2x1111x
9
34
U28 L (1, 0, 1, 0, λ1, 0, 0, λ2, 0, λ3)
f1(X) =
x1013(χ2(X))
10
x1411
(χ1(x))
3
,
f2(X) =
(
x23
x11
)2
(χ1(x)) ,
f3(X) =
(
x34
χ2(X)
)2
(χ1(x)) ,
A. O. Abdulkareem, I.S. Rakhimov and S. K. Said Husain 19
Subsets Representative of orbits Invariant functions
U38 L (1, 0, 1, 0, λ1, 0, 0, 0, 0, λ2)
f1(X) =
x1013(χ2(X))
4
x1411
(χ1(X))
3
,
f2(X) =
(
x34
χ2(X)
)2
(χ1(X))
U48 L (1, 0, 1, 0, 0, λ1, 0, 0, 0, λ2)
f1(X) =
x514(χ2(X))
3
x811
(χ1(X)) ,
f2(X) =
(
x34
χ2(X)
)2
(χ1(X))
U58 L (0, 0, 1, 0, λ1, 0, 0, λ2, 0, 1)
f1(X) =
x513(χ2(X))
5
x711x
3
34
,
f2(X) =
x523(χ2(X))
5
x611x
4
34
U68 L (0, 0, 1, 0, λ, 0, 0, 0, 0, 1) f(X) =
x5
13
(χ2(X))
5
x7
11
x3
34
U78 L (0, 0, 1, 0, 0, λ, 0, 0, 0, 1) f(X) =
x5
14
(χ2(X))
3
x8
11
(χ1(X))
U88 L (0, 1, 1, λ1, 0, 0, 0, λ2, λ3, 1)
f1(X) =
(
x12
x34
)5(
(χ3(X))
6
x701
)
,
f2(X) =
(
x23
x34
)5(
(χ3(X))
6
x701
)
,
f3(X) =
(x01x24 + x00(χ4(X)))
5
x1101x
5
34
U98 L (0, 1, 0, 0, λ1, 0, 0, λ2, 0, 1)
f1(X) =
(
x13
x34
)5(
(χ3(X))
7
x901
)
,
f2(X) =
(
x23
x34
)5(
(χ3(X))
6
x701
)
U108 L (0, 1, 0, 0, λ1, 0, 0, 0, 0, 1) f(X) =
(
x13
x34
)5 ( (χ3(X))7
x9
01
)
U118 L (0, 1, 0, 0, 0, λ, 0, 0, 0, 1) f(X) =
(
x14
x34
)5 (
(χ3(X))
8
x11
01
)
U128 L (1, 0, 0, 1, 0, 0, 0, λ1, λ2, 1) f1(X) =
x23
x12
, f2(X) =
x24x34
x212
U138 L (0, 1, 0, 0, 1, 0, 0, 0, 0, λ) f(X) =
c7
13
c34
c00c
9
23
U188 L (0, 0, 0, 1, 0, 0, 0, λ, 0, 1) f(X) =
x23
x12
U198 L (0, 0, 0, 1, 1, 0, 0, λ, 0, 1) f(X) =
x23
x12
U258 L (λ1, 0, 1, λ2, 0, 0, 0, 0, λ3, 0)
f1(X) =
(
x23
x11
)5
(χ1(X))
2
, f2(X) =
x12
x23
,
f3(X) =
x424
x11x423
U268 L (1, 0, 1, 0, λ1, 0, 0, λ2, 0, 0)
f1(X) =
(
x13
x11
)10
(χ1(X))
3,
f2(X) =
(
x23
x11
)5
(χ1(X))
2
U278 L (0, 0, 1, 0, λ, 0, 0, 1, 0, 0) f(X) =
x413
x11x323
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U288 L (0, 1, 0, λ1, 0, 0, 0, 1, λ2, 0)
f1(X) =
x12
x23
,
f2(X) =
x524
x01x523
U298 L (0, 1, 0, 0, λ, 0, 0, 1, 0, 0) f(X) =
x513
x01x523
,
U308 L (1, 0, 0, λ, 0, 0, 0, 1, 0, 0) f(X) =
x12
x23
U318 L (1, 0, 0, 0, λ, 0, 0, 1, 0, 0) f(X) =
x613
x00x723
,
U328 L (0, 0, 0, λ, 0, 0, 0, 1, 0, 0) f(X) =
x12
x23
U338 L (0, 0, 0, 1, 1, 0, 0, λ, 0, 0) f(X) =
x23
x12
,
U368 L (λ1, 0, 1, λ2, 0, 0, 0, 0, 1, 0)
f1(X) =
(
x24
x11
)10
(χ1(X))
3,
f2(X) = x
3
12
(
x11
x424
)
U378 L (1, 0, 1, 0, λ1, 0, 0, 0, λ2, 0)
f1(X) =
(
x13
x11
)3
(χ1(X))
10,
f2(X) =
(
x24
x11
)3
(χ1(X))
10
U388 L (1, 0, 1, 0, 0, λ1, 0, 0, λ2, 0)
f1(X) =
(
x14
x11
)
(χ1(X))
5,
f2(X) =
(
x24
x11
)3
(χ1(X))
10
U398 L (0, 0, 1, 0, λ, 0, 0, 0, 1, 0) f(X) =
x13
x24
U408 L (0, 0, 1, 0, 0, λ, 0, 0, 1, 0) f(X) =
x314
x11x224
U418 L (0, 1, 0, λ, 0, 0, 0, 0, 1, 0) f(X) =
x01x
5
12
x524
U428 L (0, 1, 0, 0, λ, 0, 0, 0, 1, 0) f(X) =
x13
x24
U438 L (0, 1, 0, 0, 0, λ, 0, 0, 1, 0) f(X) =
x514
x01x524
U448 L (1, 0, 0, λ, 0, 0, 0, 0, 1, 0) f(X) = x
7
12
(
x500
x224
)
U458 L (1, 0, 0, 0, λ, 0, 0, 0, 1, 0) f(X) =
x13
x24
U468 L (1, 0, 0, 0, 0, λ, 0, 0, 1, 0) f(X) =
x714
x00x824
U488 L (0, 0, 0, 0, λ, 0, 0, 0, 1, 0) f(X) =
x13
x24
U498 L (0, 0, 0, 0, λ, 1, 0, 0, 1, 0) f(X) =
x13
x24
U518 L (λ, 0, 1, 1, 0, 0, 0, 0, 0, 0) f(X) =
(
x12
x11
)5
(χ1(X))
2
U528 L (1, 0, 1, 0, λ, 0, 0, 0, 0, 0) f(X) =
(
x13
x11
)10
(χ1(X))
3
U538 L (1, 0, 1, 0, 0, λ, 0, 0, 0, 0) f(X) =
(
x14
x11
)5
χ1(X),
U548 L (1, 0, 1, 0, 0, 0, λ, 0, 0, 0) f(X) =
(
x15
x11
)10
χ1(X),
X = (x00, x01, x11, x12, x13, x14, x15, x23, x24, x34).
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